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Axisymmetric solutions of the vacuum Einstein equations are found in the Papapetrou-Weyl
gauge. The solutions depend on two pairs of functionals, each pair of two functions depends on a
different arbitrarily chosen function of one variable. Some examples are given.
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I. STATIC AXISYMMETRIC SOLUTIONS
A standard and long known technique exists for finding static axisymmetric solutions to Einstein’s theory in a
Weyl coordinate system. The metric in this coordinate system is
ds2 = e2λdt2 − e2(µ−λ) (dρ2 + dz2)− ρ2e−2λdϕ2 (1)
The Einstein equations reduce to the following set:
λρρ +
λρ
ρ
+ λzz = 0 (2)
µρ = ρ(λ
2
ρ − λ2z) (3)
µz = 2ρ(λρλz) (4)
It is recognized that equation (2) is the three dimensional Laplace equation in cylindrical coordinates for a function
with axisymmetric symmetry. The method often applied in the literature is to define a source and then solve the
equation using the Green function. After choosing a λ the equations for µ are to be solved by integration.
II. STATIONARY AXISYMMETRIC SOLUTIONS
There is a well developed method to generate a stationary axisymmetric solution from a static one. This has been
reviewed in a recent paper [1]. The result of applying the technique is that, after solving equations (2-4), one must
solve another pair of equations to determine the value of the rotational velocity which is determined by a function,
ω. The equations are
4αρ
∂λ
∂ρ
=
∂ω
∂z
(5)
4αρ
∂λ
∂z
= −∂ω
∂ρ
(6)
Solving the Laplace equation (2) for λ and then calculating µ from equations (3,4) following with ω determined by
equations (5,6) yields a stationary axisymmetric solution of the Einstein equations with the metric
ds2 =
e2λ
1 + α2e4λ
(dt− ωdϕ)2 − 1 + α
2e4λ
e2λ
[e2µ(dρ2 + dz2) + ρ2dϕ2] (7)
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2III. AN ALTERNATE METHOD OF FINDING STATIONARY AXISYMMETRIC SOLUTIONS
An unpleasant feature of the process is that with the solution derived this way there is no easy way to tell, since
the behavior of gtt is not simply related to λ, what any of the properties of the resultant solution will be until after
the solution is examined. Since the function, ω, is directly related to the rotational velocity, one may wish to run the
procedure backwards. Instead of finding λ by solving equation (2) and then solving equations (3-6) to get the metric;
it is possible to find an ω and then solve equations (3-6) to get the metric. For equation (6) to have a solution for λ,
the function ω must satisfy the following integrability condition
∂
∂z
(
1
ρ
∂ω
∂z
) = − ∂
∂ρ
(
1
ρ
∂ω
∂ρ
) (8)
or, on rewriting,
∂2ω
∂ρ2
− 1
ρ
∂ω
∂ρ
+
∂2ω
∂z2
= 0 (9)
Thus it is possible to find a stationary axisymmetric solution by solving the set of equations (2,3,4,5,6) or the set
(3,4,5,6,9). The general solution to the equations (2,5,6,9) can readily be found and are given in equations (10) and
(11) below. The arbitrary constants and arbitrary functions involved are to be chosen to fit the initial and boundary
values of the physical situation.
ω
ρ
= 4α1m1
∫
∞
o
e−kzA(k)C11(k̺)dk + 4α2m2
∫
e−kzB(k)C21 (kρ)dk (10)
λ = −m1
∫
∞
o
e−kzA(k)C10(kρ)dk −m2
∫ k
0
e−kzB(k)C20 (kρ)dk (11)
α1, α2 , m1 , m2 are arbitrary constants, A and B are arbitrary functions, not necessarily continuous as long as the
integrals exist. C11 and C21 are any two functions of the set of functions J1(kρ), Y1(kρ), H, (kρ), H2(kρ), the Bessel
and Hankel functions of the first order and first and second kind respectively. The functions with the 0 subscript are
the same functions but of the zeroth order. The functions chosen should be matched to the boundary conditions of
the problem. These choices assumed k to be real. It is equally possible to choose it to be purely imaginary, in which
cases the two C functions chosen would be the two modified Bessel functions. The general solution to the equations
giving µ could be written in terms of a convolution of Bessel functions but it is usually more illuminating to keep it in
terms of equations (3,4). So the general solution depends on four functions and four constants. There are two pairs
of functions, one pair depends on the a choice of A(k), α1, and m1 and the other pair depends on the choice of B(k),
α2, and m2.
IV. EXAMPLES
I shall give several examples of finding solutions to the vacuum equations. For simplicity I will choose B(k) = 0
and C1o,1 to be Bessel functions of the first kind and zeroth and first order. The solutions are now written in somewhat
modified form.
ω
ρ
= 4αm
∫
∞
o
ke−kz
A(k)
k
J1(kρ)dk (12)
λ = −m
∫
∞
o
ke−kz
A(k)
k
J0(kρ)dk (13)
Recall the definition of the Hankel transform of order ν
Fν(k) = Hν(f(ρ), k) =
∫
∞
0
ρf(ρ)Jν(kρ)dρ (14)
and its inverse
f(ρ) = Hν(Fν(k), ρ) =
∫
∞
0
kFν(k)Jν(kρ)dk (15)
3The solutions (12) and (13) may be written
ω
ρ
= 4αmH1(e
−kz
k
A(k), ρ) (16)
λ = −mH0(e
−kz
k
A(k), ρ) (17)
Choosing an arbitrary function A(k) will yield a solution. Or choosing an ω/ρ whose Hankel transform goes like
A(k) exp−kz will yield a solution. There are tables of Hankel transform pairs and a choice of a pair that has the
exponential as one of its functions will give a solution. It is equally possible to consider equations (12) and (13) to be
Laplace transforms of A(k)J1(k) and A(k)J0(k) respectively and matching these with their Laplace transform twins.
It may be more convenient, depending on boundary conditions to use an imaginary k together with modified Bessel
functions and to match Fourier transforms.
As a first example of a solution, let A(k) = 1 and from a table of transforms of order 1 and 0 discover the solutions
ω = 4αm(1− z
(ρ2 + z2)1/2
) (18)
λ = − m
(ρ2 + z2)1/2
(19)
and calculate
µ = −1
2
m2ρ
(ρ2 + z2)2
(20)
This is the solution generated from the Curzon solution. A less well known solution emerges if A(k) = k. In this case
ω = 4αm
ρ2
(ρ2 + z2)3/2
(21)
λ = − mz
(ρ2 + z2)3/2
(22)
To calculate µ, one may use equations (3,4) or equivalently
µρ =
1
16α2ρ
(ω2z − ω2ρ) (23)
µz = − 1
8α2ρ
(ωzωρ) (24)
Many solutions can be found from known solutions by using properties of Hankel transforms. For example, if λ and
ω/ρ are a solution, so are ∂mλ/∂zm and ∂m(w/ρ)/∂zm for any m. The solution described by equations (21) and (22)
seems to have assymptotically the same angular momentum as does the Kerr solution.
As a next example of a solution, I shall consider A(k) = δ(k − k0) and find
ω = 4αmρe−kzJ1(kρ) (25)
λ = −me−kzJ0(k̺) (26)
µ = −m2ρkJ0(kρ)J1(kρ (27)
As a final example, I will give a complicated solution. The Kerr solution is also complicated in this coordinate system.
Let A(k) = kJ0(ak) for constant a. This will introduce another parameter. In reference [2], the integrations to find
ω/ρ and λ appear as Laplace transforms of a Bessel function.
ω =
2αmκρ1/2
πa3/2
[
κ
2
(
a2 − ρ2 − z2)
4 (1− κ2) aρ E (κ) +K (κ)
]
(28)
λ = −m zκ
3
4π (1− κ2) (aρ)3/2
E (κ) (29)
4Three new functions have been introduced, κ, the elliptic integral of the first kind K(κ), and of the second kind,
E (κ).
κ =
2
√
aρ√
(a+ ρ)
2
+ z2
(30)
K (κ) =
∫ 1
0
dx√
1− x2√1− κ2x2 (31)
E (κ) =
∫ 1
0
√
1− κ2x2√
1− x2 dx (32)
V. CONCLUSION AND COMMENTS
To find a vacuum axisymmetric solution, one may choose ω to be any function of ρ and z whose first order Hankel
transform exists and is of the form exp(−kz)A(k), or one may choose exp(−kz)A(k) to be arbitrary. One may
calculate either one from the other and then find λ. Or one may choose a λ to satisfy equation (2) and then find its
Hankel transform and from that calculate ω. Several examples are given. The solution given by equations (21,22)
may be of particular interest. The bridge between λ and ω is given by equations (5,6). These equations are known
and widely studied in hydrodynamics as being Stokes equation for the streamlines in inviscid incompressible fluids.
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